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We study the dynamics of a single and a pair of vortices in quasi two-dimensional Bose-Einstein
condensates at finite temperatures. We use the stochastic Gross-Pitaevskii equation, which is the
Langevin equation for the Bose-Einstein condensate, to this end. For a pair of vortices, we study
the dynamics of both the vortex-vortex and vortex-antivortex pairs, which are generated by rotating
the trap and moving the Gaussian obstacle potential, respectively. Due to thermal fluctuations, the
constituent vortices are not symmetrically generated with respect to each other at finite temper-
atures. This initial asymmetry coupled with the presence of random thermal fluctuations in the
system can lead to different decay rates for the component vortices of the pair, especially in the case
of two corotating vortices.
PACS numbers: 03.75.Lm, 67.85.De, 05.40.-a
I. INTRODUCTION
In the spin zero or scalar Bose-Einstein condensates
(BECs), vortices carry integral angular momentum and
serve as the unambiguous proof of superfluidity of these
systems. The various methods which have been employed
by the experimentalists to generate the vortices in BECs
include manipulating the interconversion between the in-
ternal spin states of an isotope [1], stirring the BEC with
the laser beam [2, 3], rotating the BEC [4], phase im-
printing [5], etc. Vortex dipoles, consisting of vortex-
antivortex pairs, have also been experimentally realized
in BECs by moving the condensate across the Gaussian
obstacle potential [6]. Vortex dipoles are also formed as
the decay product of the soliton in quasi two-dimensional
condensates [7]. More recently, formation of the vortex
dipoles during the rapid quench through the condensa-
tion temperature has also been observed [8, 9] The dy-
namics of a single vortex and a vortex-antivortex pair
has also been observed experimentally [9]. On theoretical
front, the dynamics of vortex dipoles has also been ana-
lyzed at zero temperature [10, 11]. Recently, the dynam-
ics of small vortex clusters with 2-4 corotating vortices
was also studied both experimentally and theoretically
[12]. The decay of an off-centered vortex at finite tem-
perature has been studied using pure classical field treat-
ment [13], dissipative Gross-Pitaevskii equation (DGPE)
[14], Zaremba-Nikuni-Griffin (ZNG) formalism [15, 16],
projected Gross-Pitaevskii equation (PGPE) [17], and
stochastic projected Gross-Pitaevskii equation (SPGPE)
[18].
To the best of our knowledge, the finite temperature
dynamics of a pair of vortices has not been investigated
theoretically which we do in the present work, along with
a study of the dynamics of a single vortex. The method
we employ is the stochastic Gross-Pitaevskii equation
(SGPE) [19–21]. For the case of a single vortex in a con-
densate with Thomas-Fermi density profile, the present
work is the first one to employ the SGPE, which is a
better method than ZNG in low-dimensional systems
near critical temperatures. In weakly interacting domain,
where the condensate has the Gaussian density profile,
the stochastic equations of motion for the position of
vortex core have also been derived using a variational
approach to the SGPE [22]. The SGPE has been suc-
cessfully used to study finite temperature scalar BECs in
quasi one- and two-dimensional geometries [23–28].
The paper is organized as follows: In Sec. II, we de-
scribe the SGPE method. We then discuss the finite tem-
perature dynamics of a single vortex in Sec. III. This is
followed by the investigation of the dynamics of a vortex
pair in Sec. IV. We conclude by providing the summary
and conclusions in the last section.
II. STOCHASTIC LANGEVIN EQUATION FOR
THE BEC
At T = 0 K, a scalar BEC is well described by the
Gross-Pitaevskii (GP) equation [29]
i~
∂Φ(x, t)
∂t
=
(
−~
2∇2
2m
+ V (x) + g|Φ(x, t)|2
)
Φ(x, t),
(1)
where Φ(x, t) is the wave function of the BEC. The trap-
ping potential V (x) = (ω2xx
2 + ω2yy
2 + ω2zz
2)/(2m). The
interaction between atoms with mass m is characterized
by the interaction strength g = 4pi~2a/m, where a is the
s-wave scattering length. The GP equation conserves the
total number of atoms and total energy. In order to study
the finite temperature scalar BEC, we use the stochastic
Gross-Pitaevskii equations (SGPE) [24]
i~
∂Ψ(x, t)
∂t
= (1− iγ)
(
−~
2∇2
2m
+ V + g|Ψ(x, t)|2 − µ
)
Ψ(x, t) + η(x, t), (2)
where γ is the dissipation, µ is the chemical potential,
and η(x, t) is the random fluctuation which satisfies the
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2following noise-noise correlation
〈η(x, t)η∗(x′, t′)〉 = 2γkBT~δ(x− x′)δ(t− t′), (3)
according to the fluctuation-dissipation theorem required
for equilibration, where kB and T are the Boltzmann con-
stant and temperature respectively, and 〈. . .〉 denotes the
averaging over different noise realizations. The system
described by the SGPE is assumed to be divided into
two parts: The first consisting of a few highly occupied
low lying modes is represented by a Langevin field Ψ(x, t)
and the second, representing a heat bath, is denoted by
the noise η. The effect of the higher modes is taken into
account by the noise. The Langevin field is the expec-
tation value of the annihilation field operator Ψˆ at zero
temperature and at finite temperature has contributions
from thermal fluctuations, i.e.,
Ψ = 〈Ψˆ〉+ δΨˆ ≡ Φ + δΨˆ, (4)
where Φ is the solution of Eq. (1). While numerically
solving the SGPE, the division into the low lying modes
represented by the Langevin field and all the higher
modes represented by the noise is automatically imple-
mented by numerical discretisation. The discretisation
introduces the ultraviolet momentum cutoff, which sep-
arates the multimode Langevin field from the higher
modes. An important assumption that is made while de-
riving the SGPE equation is that the thermal atoms are
assumed to have a Rayleigh-Jeans distribution with non-
zero chemical potential instead of a Bose-Einstein distri-
bution. Due to this assumption, the dynamics obtained
from the SGPE is sensitive to the ultraviolet energy cut-
off imposed on the system. In the numerical simulations,
the energy cutoff and the finite grid spacing are related
by
Ecutoff =
~2|kcutoff |2
2m
=
pikBT
2
(
λT
α
)2
, (5)
where α is the grid spacing in the square lattice and λT is
the thermal de Broglie wavelength. In the present work,
we consider δx = δy = α = 0.11, where δx and δy are the
grid spacings along the x and y directions respectively.
Before proceeding further, we transform the SGPE into
dimensionless form using following transformations:
x = x˜aosc, t =
2t˜ω−1
1 + γ2
, Ψ =
Ψ˜
a
3/2
osc
, η =
~ω
a
3/2
osc
η˜ (6)
where aosc =
√
~/(mω) with ω = min {ωx, ωy, ωz} is the
oscillator length. The dimensionless SGPE equation for
the BEC is now of the form
(i− γ)∂Ψ˜
∂t˜
=
(
−∇˜2 + 2V˜ + 2g˜|Ψ˜|2 − 2µ˜
)
Ψ˜
+2
η˜(x˜, t˜)
1− iγ , (7)
where V˜ = (λ2xx˜
2 + λ2y y˜
2 + λ2z z˜
2)/2. Also, λα = ωα/ω
with α = x, y, z and g˜ = 4pi~Na/(3mωa3osc). The noise-
noise correlation in scaled coordinates now reads
〈η˜(x˜, t˜)η˜∗(x˜′, t˜′)〉 = γ kBT
~ω
(1 + γ2)δ(x˜− x˜′)δ(t˜− t˜′). (8)
For the sake of simplicity of notations, from here on
we will show the scaled variables without tildes in the
rest of the manuscript except if mentioned otherwise.
In the present work, we consider the BEC in quasi
two-dimensional traps for which λx = λy = 1  λz.
In this case, the axial degrees of freedom of the sys-
tem are frozen. We write Ψ(x) = ζ(z)ψ(x, y) with
ζ(z) = (λz/pi)
1/4e−(λzz
2)/2 as the harmonic oscillator
ground state along the axial direction. This allows us
to use the following two-dimensional equation after inte-
grating out the axial coordinate:
(i− γ)∂ψ
∂t
=
(−∇2xy + 2Vxy + 2gxy|ψ|2 − 2µ)ψ
+
2η
1− iγ , (9)
where ∇2xy = ∂2/∂x2 + ∂2/∂y2, Vxy = x2/2 + y2/2 and
gxy =
√
λz/2pig. We use time splitting Fourier spectral
method to solve equation Eq. (9) on 256 × 256 square
grid [30]. The spatial and time step sizes employed in
the present work are 0.11 and 0.006 respectively.
In the SGPE, physical properties are calculated by
averaging over several independent noise realizations.
Thus, it has a close resemblance to experiments, where
relevant data is obtained by averaging over several inde-
pendent experimental realizations. In other words, the
individual results obtained with independent noise real-
izations are equivalent to the individual results obtained
from independent experimental realizations. Due to the
random nature of the noise, the results of various noise
realizations will differ from one another as is the case
in experiments. Herein lies the first advantage of SGPE
method as it can account for experimental shot to shot
variation in the properties of the system, whereas meth-
ods like the ZNG can very accurately account only for
the average properties. The second advantage is that in
contrast to the ZNG formalism, the SGPE method can
also fully describe the regimes where the thermal fluctu-
ations in the condensate phase are quite large, e.g. one-
and two-dimensional systems at temperatures close to
the transition temperature. Among the other methods
used to study finite temperature BECs, the stochastic
projected Gross-Pitaevskii equation (SPGPE) has a re-
3semblance to the SGPE [31–33]. The crucial difference
is the use of projector to extract the low lying coherent
modes in SPGPE.
The SGPE simulates the system in a grand canonical
ensemble since there is no conservation of the atom num-
ber. The equilibrium value of the number of atoms is
fixed by the chemical potential. While studying the dy-
namics, especially in the presence of strong perturbations
the fluctuations in atom number above the mean may be
quite large. However, at very low temperatures or over
small time scales after the system has reached equilib-
rium, the atom number may be approximately conserved.
This situation can be mimicked by first generating the
equilibrium solution using the SGPE and then switching
of the dissipation and noise, i.e., setting γ = η = 0 to
study the dynamics. This method ensures atom number
conservation over the regime of interest and is denoted
as SGPEeq in this paper. This method has been earlier
used to model the quasi condensate growth on an atom
chip [34] and is similar in spirit, to the truncated Wigner
method [35].
III. DYNAMICS OF A SINGLE VORTEX
We first study the dynamics of a single vortex, which
is created in the BEC by rotating it at an optimum fre-
quency, at finite temperature. In the present work, we
consider ≈ 1 × 105-1.5 × 105 atoms of 87Rb trapped in
a trapping potential with ω = ωx = ωy = 2pi × 10 Hz
and ωz = 2pi × 100 Hz. With this choice of parameters,
aosc = 3.41 µm and ω
−1 = 1.59 × 10−2s, the respective
units of length and time employed in the manuscript.
The s-wave scattering length of 87Rb is 99a0. Let us
term this set of parameters as parameters set a. The
critical temperature obtained by using the expression for
an ideal three-dimensional Bose gas T 3dc = ~ω¯N1/3/kB is
≈ 45−52 nK, where ω¯ = (ωxωyωz)1/3. The expression is
valid provided kBT  ~ω. On the other hand, the transi-
tion temperature for a strictly two-dimensional ideal Bose
gas is T 2dc =
√
6Nωxωy~/pikB ≈ 118−145 nK. [36] In the
quasi two-dimensional case with finite ω˜z = ~ωz/kBT 2dc ,
the critical temperature is significantly reduced [37], and
for the aforementioned parameters T q2dc = 0.37T
2d
c ≈
44 − 53 nK, and hence is closer to the value for a three
dimensional ideal Bose gas. In the present work, we study
the dynamics of vortices in BECs at finite temperatures,
which can be as high as 50 nK, where thermal fluctua-
tions are appreciable.
The dissipation parameter γ is in general a function of
both space and time, but in the present work we consider
it to be independent of spatial and temporal coordinates.
An approximate damping based on microscopic consider-
ations has been suggested by Penckwitt et al. [38] which
gives us the damping parameter
γ = κ
4mkBT
pi
(a
~
)2
, (10)
where κ = 3. This choice of κ = 3 reproduces the growth
rate observed in most experiments [38].
We first generate a single vortex by rotating the con-
densate with a frequency Ω = 0.1 ωx at T = 30 nK, 40
nK and 50 nK. Having generated a vortex, we switch off
the rotation. The density and phase profiles of the con-
densate just prior to switching off the rotation can be
seen in the upper panel of Fig. 1 for a temperature of 40
nK.
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FIG. 1: (Color online) The upper panel shows the density
(left image) and phase profile (right image) of the condensate
just before switching off the rotational frequency at T = 40
nK. The location of the vortex has been marked by a black
circle in both the density and phase profiles. The lower panel
shows the trajectory traversed by the vortex for two different
values of γ; γ = 7.5× 10−4 (left) and γ = 7.5× 10−3 (right).
In steady state, the position of the vortex is different
at different temperatures. We let the system evolve af-
ter switching off the rotation and observe that with the
passage of time the vortex slowly spirals out of the con-
densate for all the aforementioned temperatures. This
leads to the decrease in the energy of the system. As an
example, the trajectories traversed by the vortex at 40
nK for two different values of γ, γ = 7.5× 10−4 obtained
from Eq. (10) and γ = 7.5×10−3, are shown in the lower
panel of Fig. 1. In both the cases, the vortex slowly spi-
rals out of the condensate with a greater rate of decay for
a larger value of γ. The exact dynamics of the off-center
vortex at T = 30 nK, 40 nK and 50 nK temperatures is
shown in Fig. 2.
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FIG. 2: (Color online) Dynamics of a single off-center vortex
at 30 nK (upper panel), 40 nK (middle panel) and 50 nK
(lower panel). The plots on the left show the x-coordinate
of the vortex as a function of time, while the plots on the
right show the y-coordinate of the vortex as a function of
time. Solid-black and dashed-red curves correspond to results
obtained using SGPE and SGPEeq respectively.
We find that the results of number conserving SGPEeq
agree with those of the SGPE for the initial period of
evolution. This is evident from the dynamics in Fig. 2
up to t = 300 ω−1. Within this period, the agreement
between the SGPEeq and the SGPE dynamics is better
at lower temperatures. It implies that the effect of the
noise, which accounts for modes with energy higher than
Ecutoff , is negligible over small time scales. Over this pe-
riod, the multimode Langevin field solely describes the
system dynamics. The SGPEeq results in much slower
decay of the vortex as compared to SGPE as is evidenced
by the lower amplitude of oscillations of the x- and y-
coordinates of the vortex in Fig. 2. We find that the
decay rate of the vortex depends on its initial location
as well as temperature. In our simulations, the vortex
created at 40 nK takes a much longer time to decay than
the vortex created at 30 nK as is shown in Fig 2. At 40
nK the vortex, just prior to switching off the rotation,
is located closer to trap center as compared to its loca-
tion at 30 nK. Hence, the density of the thermal atoms
is lower in the vicinity of the vortex at 40 nK than at the
30 nK. This leads to the slower decay rate at 40 nK tem-
perature. These results are in qualitative agreement with
previous studies [15, 16, 18]. In the present work, as we
cannot precisely control the initial location of the vortex,
quantitative comparison with earlier studies is not possi-
ble. The actual variation in the number of atoms within
the SGPE after the rotation is switched off is shown in
Fig. 3.
FIG. 3: (Color online) The plot shows the number of atoms as
function of time, obtained using SGPE, after switching off the
Ω. The black, red and grey curves correspond to 30 nk, 40 nK,
and 50 nK temperatures respectively. In SGPEeq, the number
remains fixed to the value at t = 0 at all temperatures.
IV. DYNAMICS OF A VORTEX PAIR
A. Dynamics of two corotating vortices
Extending the method discussed in the previous sec-
tion, we can also study the dynamics of a corotating vor-
tex pair at a finite temperature near the condensation
temperature. We first generate a vortex pair by rotating
the condensate at finite temperature with a frequency
Ω = 0.16 ωx. The density and phase profiles of the
condensate before switching off the rotational frequency
at 30 nK and 40 nK temperatures are shown in Fig. 4.
There are two vortices: one each in the first and third
quadrant. We observe that one of the vortices, the one
in the third quadrant at 30 nK and the one in the first
quadrant at 40 nK, decays much faster than the other
vortex as is evident from Fig. 5. Again, the results ob-
tained using the SGPE and SGPEeq match during the
initial period of evolution (see Fig. 5). The faster de-
caying vortex suppresses the rate of decay of the other
vortex, which moves towards the center of the trap. This
is illustrated in Fig. 6 (black dots) which shows the ra-
dial coordinates of the two vortices as a function of time
obtained using SGPE. Since there is a pair of interacting
vortices, it is no longer true that the one which is closer
to the edge of the trap will decay faster as would have
been the case for isolated vortices. Which of the two vor-
tices decays faster is determined by the complex interplay
between three processes: (a) position-dependent vortex
precession, (b) velocity field induced by one vortex at the
location of the other, and (c) the random thermal fluctu-
ations. Had the random thermal fluctuation been absent,
as is the case for BEC at T = 0 K, the dynamics of the
5vortex pair would have been completely determined by
the processes (a) and (b).
FIG. 4: (Color online) The density (left column) and phase
profiles (right column) of the condensate with two corotating
vortices just before switching of the rotational frequency at
T = 30 nK (upper panel) and 40 nK (lower panel). The
locations of the vortices have been marked by two black circles
in each image.
In order to delineate the role of the these two processes,
let us look at the T = 0 dynamics of two corotating vor-
tices intially located at unequal radial distances. In order
to do so, we first generate the vortex pair by imprinting
the corresponding phase singularities at each (imaginary)
time step while evolving Eq. (1) in imaginary time, i.e.,
change
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after each time step. Here (x1, y1) and (x2, y2) are the
locations of two vortices and are chosen to be equal to
the locations of vortices at 30 nK and 40 nK just prior to
switching off Ω. The number of atoms is fixed to 1.3×105
and 1.4×105 for the case corresponding to 30 nK and 40
nK respectively. This solution is then evolved in real time
again using Eq. (1). We observe that the two vortices ro-
tate about the trap center with their respective radial
coordinates oscillating with time. This is shown in Fig. 6
with green dots. We find that due to these oscillations
in the radial coordinates at T = 0 K, the two vortices al-
ternatively end up being located at farther distance from
the trap center as is evidenced by green dots in Fig. 6.
t Hunits of Ω-1L
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
-6
-3
0
3
6
x
Hun
its
o
fa
o
sc
L 30 nK
SGPE
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ30 nK
SGPEeq
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
100 200 300 400
-6
-3
0
3
y
Hun
its
o
fa
o
sc
L 30 nK
SGPE
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
100 200 300 400
30 nK
SGPEeq
t Hunits of Ω-1L
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
-6
-3
0
3
6
x
Hun
its
o
fa
o
sc
L 40 nK
SGPE
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
40 nK
SGPEeq
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
100 200 300
-6
-3
0
3
y
Hun
its
o
fa
o
sc
L 40 nK
SGPE
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
100 200 300
40 nK
SGPEeq
FIG. 5: The x- and y-coordinates of the vortices as a function
of time at 30 nK and 40 nK temperatures. It can be seen that
there is an asymmetry in decay rates that increases with time.
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FIG. 6: The black dots are the radial coordinates of the vor-
tices as a function of time at 30 nK and 40 nK temperatures
obtained using SGPE method. The green dots are the radial
coordinates of the vortices obtained using GP equation with
N = 1.3 × 105 and 1.4 × 105 for the left and right figures
respectively.
The amplitude of these oscillations in the radial coordi-
nates is more for more assymetry in thier initial locations.
Now, at finite temperatures, due to ocillating radial co-
ordinates of the vortices during the intial stages of the
evolution (the period during which the dynamics of the
vortices will be qualitatively similar to T = 0 dynamics),
the random thermal fluctuations will result in one of the
vortices decaying slightly faster than the other. While
this vortex moves away from the trap center, the other
6vortex moves closer the trap center, reminiscent of their
dynamics at T = 0 K, due to the combined affect pro-
cesses (a) and (b). As is the case at T = 0 K, the radial
coordinates of the two vortices show an anticorrelated
behaviour, i.e, when one is moving away from the trap
center, the other is moving towards it. Hence, the com-
bined effect of the processes (a), (b), and (c) results in a
positive feedback whereby the rate of decay of the slower
decaying vortex is suppressed and that of the faster de-
caying one is enhanced. The faster decaying vortex is
removed quickly from the system, after which the second
vortex will decay like a single isolated vortex.
B. Dynamics of a vortex dipole
Rotating the trapping potential can only lead to the
formation of co-rotating vortices. Hence, we need an al-
ternative method to create the vortex-antivortex pairs
(vortex dipoles). It has been established both theoreti-
cally and experimentally that when a superfluid moves
past an impurity faster than a critical speed, vortex
dipoles are generated [6, 39]. In the present work, we
create a vortex dipole in the BEC by moving a Gaus-
sian obstacle potential across it above a critical speed.
Recently, the method was also used by us to study the
generation and stability of vortex-bright soliton dipoles
in phase-separated binary condensates [40]. In our simu-
lations, we first generate the stationary solution without
the obstacle potential, i.e., only in the presence of a har-
monic trapping potential. Then, we slowly introduce the
obstacle potential, keeping it fixed at a point. This pro-
cedure ensures that no phase singularity is trapped by
the obstacle potential. In the present work, we consider
105-1.5× 105 atoms of 87Rb (the exact number is a func-
tion of temperature) trapped in a trapping potential with
ω = ωx = ωy = 2pi × 10 Hz and ωz = 2pi × 100 Hz. In
addition to this, there is a Gaussian obstacle potential
Vobs = V0e
−2{(x−x0(t))2+y2}
w20 , (11)
where (x0, 0) is the location of the obstacle potential, V0
its amplitude, and w0 its width. In the present work
x0(0) = −4 aosc, V0 = 100 ~ωx and w0 = 2.5 µm.
The critical speed for these set of parameters at 1 fK
is ∼ 360 µm/s. The density profiles of the condensate
obtained by using this set of parameters at 1 fK, 1 nK
and 10 nK are shown in the upper row of Fig. 7.
In order to generate the vortex dipole, the obstacle is
moved along the x-axis at an optimum speed. As the
obstacle is moved, its strength is continuously decreased
so that the obstacle potential vanishes at x = 4 aosc. We
observe that at sufficiently low temperatures, the vor-
tices are generated symmetrically about the x−axis, but
not at higher temperatures (see images in the lower row
FIG. 7: (Color online) The upper row shows the density dis-
tribution of the condensate with the obstacle potential at
−4 aosc. The left, middle and right images are at T = 1
fK, 1 nK, and 10 nK, respectively. The bottom row shows
the density distribution after t = 3.659537 ω−1.
y
Hun
its
o
fa
o
sc
L
0
2
4
-2
-4
x Hunits of aoscL
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
-4 -2 0 2 4
1 fK
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ æ
æ
æ
-4 -2 0 2 4
1 nK
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
-4 -2 0 2 4
10 nK
FIG. 8: (Color online) Trajectories of the vortex dipole at
1 fK, 1 nK, and 10 nK temperatures. The black and red
colors correspond to vortex and antivortex respectively. The
obstacle is moving at a speed of 380 µm/s. The trajectories
have been tracked for a period of ≈ 310 ω−1.
of Fig. 7). This asymmetry in the generation of vortex-
antivortex pairs was also pointed by us in an earlier work
[41]. The asymmetry in location of the vortex and an-
tivortex has also been observed experimentally as is evi-
dent from the inset of Fig. 2 in Ref. [6]. Due to this asym-
metry, the trajectory of a vortex dipole at higher temper-
atures is qualitatively different from near zero tempera-
tures (say of the order of a few fK) as is shown in Fig .8.
We have employed both the SGPEeq and SGPE to study
vortex dipole generation and its dynamics at 1 nK, 10
nK, 30 nK and 40 nK. As in the case of a single vortex,
we find that the results obtained with two methods are in
good agreement during the initial period of evolution at
all temperatures as shown in Fig. 9. Also evident from
the Fig. 9 is that as the temperature is increased the
vortex dipole decays faster. In fact at 40 nK, the vortex
dipole has already decayed before t = 300 ω−1 as shown
in Fig. 9. We find that at lower temperatures of 1 nK, 10
nK, and 30 nK, the component vortices of the dipole de-
cay at approximately same rate. At 40 nK temperature,
the component vortices decay at slightly different rate.
As a result of it, the vortex (represented by solid-blue
curve in Fig. 9) is ejected out of the condensate earlier
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FIG. 9: (Color online) Vortex dipole dynamics at 1, 10, 30
and 40 nK. The solid curves correspond to results obtained
using the SGPE while the dotted and dashed curves corre-
spond to the results obtained using the SGPEeq. Solid-blue
and dashed-orange curves represent the dynamics of the vor-
tex and solid-grey and dotted-red represent the dynamics of
antivortex.
than the antivortex (represented by solid-grey curve in
Fig. 9). The roughly similar rate of decay of the vortex
and antivortex is due to the attractive interaction be-
tween them, in contrast to the case of the two co-rotating
vortices, where the interaction is repulsive. In the case
of the dipole, a negative feedback that tends to oppose
any asymmetry in the decay rate between the vortex and
antivortex since the elimination of only one tends to in-
crease the energy of the system. Thus, both tend to decay
at roughly the same rate with the asymmetry becoming
more pronounced at higher temperature as the strength
of thermal fluctuations (responsible for the asymmetry)
increases.
The variation in the number of atoms after the obstacle
starts moving is shown in Fig. 10.
V. SUMMARY AND CONCLUSIONS
We have studied the dynamics of a single and a pair of
vortices in quasi two-dimensional systems at finite tem-
FIG. 10: (Color online) The plot shows the number of atoms
as function of time, obtained using SGPE, after the obstacle
starts moving. The black, red, grey and blue curves corre-
spond to 1, 10, 30, and 40 nK respectively. In the SGPEeq,
the number remains fixed to the value at t = 0 at all temper-
atures.
peratures using the SGPE and SGPEeq methods. These
methods describe BECs well in the regime where ther-
mal fluctuations are significantly high. We find that like
a single vortex, a pair of vortices tends to decay as the
system evolves. The rate of decay depends upon the tem-
perature and the initial location of the constituent vor-
tices. We find that on shorter time scales the dynamics
of the system is basically governed by the multi-mode
order parameter, which represents a few highly occu-
pied low lying modes. For this reason, the results of
the SGPEeq, which governs the intrinsic evolution of the
multimode order parameter, agree with those obtained
from the SGPE during this period. The higher modes
affect the dynamics of the system on longer time scales.
For a pair of vortices, the two vortices are not symmetri-
cally generated with respect to each other. In the case of
corotating vortices, this initial asymmetry in their gen-
eration, coupled with random thermal fluctuations and
a positive feedback resulting from the repulsive interac-
tion between them leads to different decay rates for the
two vortices. In contrast, the component vortices of a
dipole decay at approximately same rate due to a nega-
tive feedback arising from the attractive interaction be-
tween them. At higher temperatures where thermal fluc-
tuations are stronger, the asymmetry in the decay rates
gets more pronounced.
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